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Dynamics of Cylindrical Shells Containing Fluid Flows
with a Developing Boundary Layer

M. P. Paidoussis* and A. D. Mateescut
McGill University, Montreal, Québec, Canada

This paper deals with the dynamics and stability of a thin cylindrical shell, with clamped ends, conveying in-
compressible viscous fluid. In particular, the case of a developing boundary layer is considered. It is shown that
the main unsteady fluid-dynamic terms influencing the dynamics of the system are 1) the unsteady pressure
associated with shell oscillations and 2) the unsteady circumferential component of the skin friction stress,
coupled with circumferential movements of the shell, expressions for which are obtained for both a laminar and
a turbulent boundary layer. The problem is formulated in terms of a unique equation of motion obtained from
Fligge’s set of three equations, without the intercession of additional simplifications or assumptions, such as
those utilized by Donnell and Kempner, for instance. It is shown that the unsteady viscous effects on the
dynamics of the problem are generally small and stabilizing. The effect of some system parameters on stability is

also investigated.

I. Introduction

HE dynamics of cylindrical shells conveying fluid has

been investigated quite extensively,!"! ever since it was
discovered that, for sufficiently high flow, the system is sub-
ject to fluidelastic instabilities.! It was found!? that can-
tilevered shells lose stability by single mode flutter, in both
beam- and shell-type modes, while shells with supported
ends?~ lose stability by divergence, followed by coupled-mode
flutter. The theoretical predictions were confirmed by ex-
perimental evidence.? A comprehensive literature review was
undertaken in Ref. 11, where the more complex problem of
coaxial shells conveying fluid in the inner shell and within the
annulus is treated.

In all these studies the fluid was considered to be inviscid
and the flow irrotational, so that the fluid-dynami¢ forces
exerted on the shell could be determined by means of ideal
flow theory. The neglect of viscous fluid effects is probably
partly due to the fact that, for thick-walled tubular beams
(analyzed as Euler-Bernoulli beams) conveying fully
developed turbulent flow, surface-traction and pressure-drop
effects cancel out in the equations of motion, so that the
analysis may be conducted as if the fluid were totally in-
viscid.!2? However, in the case of thin-walled tubes conveying
fluid, where shell-type as well as beam-type modes are in-
volved, the effects of fluid viscosity do generally enter the
problem—as will be made clear presently.

The effects of fluid viscosity on the dynamics of the shell
may be separated into zero-order and first-order effects. The
former arise because of 1) the pressurization at the upstream

“end or, equivalently, depressurization at the downstream
end, associated with the viscous pressure drop in the tube,
and 2) the corresponding surface traction. The associated
stress resultants acting on the shell are steady (time-
independent) and they enter the equations of motion as
generalized forces associated with virtual displacements of
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the shell. These effects have recently been examined!® and,
as expected from physical reasoning (pressurization being by
far the dominant effect), were found to be stabilizing—vis-a-
vis inviscid flow results—at least for shells with supported
ends.

What may be termed as first-order effects are the unsteady
viscous effects of real fluids on the dynamics of the system.
They have never been considered heretofore and they are the
principal consideration of the present paper. This is done by
first developing an improved formulation of the problem,
from the point of view of computing efficiency and ac-
curacy, involving a unique equation of motion (as opposed
to the usual three), and also an improved solution of the
unsteady potential flow part of the problem.

Specifically, the problem that will be examined in this
paper involves a thin circular shell, clamped at both ends,
conveying fluid. Unsteady viscous effects are examined in
the special case of a developing boundary layer, either
laminar or turbulent.

II. Formulation of the Problem
System Definition and Assumptions

The system consists of a thin cylindrical shell of length L,
wall thickness # and mean radius a (Fig. 1). The shell, both
ends of which are clamped, ingests fluid at the inlet, at
which point x=0.

The fluid flow consists of an incompressible core flow,
which may be treated as if it were inviscid, and a thin
developing boundary layer, which will be considered to be
either laminar or turbulent. Only unsteady viscous effects
will be considered; the effect of mean steady loads generated
by pressure drop in the mean flow, such as were treated

Fig. 1 Geometry of the cylindrical shell conveying axial flow,
showing a representative point in the fluid, P.
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previously in Ref. 13, will be ignored in the present study,
partly for simplicity and partly in order to highlight those ef-

fects that have never been studied heretofore.

The Equations of Motion

Fligge’s shell equations of motion!* will be used in this

paper. In dimensionless form, they may be expressed as
(Ge) +ra-naen (G5) - (5))e
{1/2 aga(a)}'”k{l/z(l_”) (a_gafj?o?)
G-
{VZ(H")(az;e)}“{%(1_”)(1”")(352) (aez>
~(G)Jo- Lo ) o=~ (50
{ <aa.§> +k[l/2(1"’) (agaa302> - (3%)]}“ K%)
—k(3—») <%2330—)} {(1+k)+kv +2k<:;2>}w
SESINTE Y

where #, 0, w are the axial, circumferential, and radial
displacements of the mean surface of the shell, nondimen-
sionalized with respect to the shell radius a; » is Poisson’s
ratio, and E is Young’s modulus of the shell material;
7,(x,0,t) and 74(x,0,¢) are the axial and circumferential
stress resultants, acting tangentially on a unit area of the
shell; p(x,0,t) and p,(x,0,t) are the internal and external
pressures, acting radially on the shell; the dimensionless axial
coordinate, £, and time, 7, are defined by

¢=x/a, 7= {E/[p,a*(1—»?)] "¢ )
where p, is the shell density and k= (1/12)A?, with A=h/a.

This is the usual form of the equations of motion. In this
paper this set of three equations is reduced to a single,
higher-order equation, involving only the displacement w.
The derivation, involving many stages of successive differen-
tiation and elimination, is unfortunately too long to present
here; the interested reader will find a detailed derivation in
Ref. 15. The final equation is given in symbolic form below

£[V_v: Tyxs T p_pe] =0 (3)

and in full in the Appendix. £ is an eighth-order linear dif-
ferential operator with respect to &, 6, and 7. It should be
noted that this equation was obtained, with the intervention
of no additional approximations, beyond those already pres-
ent in Egs. (1). Thus, the kind of shallow-shell assumption
that was introduced by Donnell, for instance, to obtain a
much simpler equation, or by Kempner, who neglected the
axial and circumferential inertia forces, is entirely absent
here.

Solution of the equations of motion will be achieved once
7., T and p—p, are expressed as functions of w—to be done
later—so that Eq. (3) becomes £’ [w] =0. Assuming a cer-
tain mode of vibration of the shell, defined by the cir-
cumferential mode number n, and considering the axial
modal shape to be represented by a set of comparison func-
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tions, ¢, (£), one may express w as
w(t,0,7)= E Cn®n (£) cosnb e @

where N is a dimensionless eigenvalue of the problem; for
¢,,(§) are used the eigenfunctions of a clamped-clamped
beam, satisfying the boundary conditions of the shell, and
which may be written for convenience, as

Gy (§) = —c0s(B,,£/0) + 0, In(B,,£/8)

Bpr (§) =cosh(B,£/0) —o,, sinh(B,£/1) ®

where (3,, are the dimensionless eigenvalues of a clamped-
clamped beam and {=L/a. Then application of the Galerkin
method requires that

1
[ 2th r 0 popis D=0, g=12.. ©

leading to a determinantal equation, nontrivial solution of
which yields the eigenvalues of the system.

The fluid dynamic terms will next be determined. The case
of wholly inviscid flow will be treated first, and p—p, ob-
tained—7, and 74 in this case being zero. The case of viscous
flow will be treated in Sec. III.

The Inviscid Potential Flow
Denoting the mean velocity of the incompressible fluid
flow by U and the disturbance velocity, associated with shell
motions, by ¢, the total flow velocity may be written as
V=Ui+gq ©)

where i is the unit vector in the x direction. Then the Euler
equation for the fluid is given by

d
(a—z)+(Ui+¢I)'VCI=—(1/p)Vp ®

For irrotational flow, g = V& may be introduced, where ® is
the disturbance velocity potential, and the pressure obtained
from the Bernoulli equation

ad

where p., is the static pressure of the undisturbed uniform
flow; introducing the small disturbance assumption, this is

further reduced to
0P
ax

- (50)+

The disturbance velocity, and hence ®, must satisfy the

boundary conditions:
d
U<_W) an
dx

(5. G

on the surface of the shell, where w is the radial displace-
ment of the shell; and, considering a uniform inlet flow

(%)

=0 (12)

X— — 0o
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In view of Eq. (11), the form of the solution will be taken
to be similar to that of Eq. (4), so that in dimensionless
terms

®(£,7,0,7) =aU, 4 (£,F) cosnf e (13)
where ¢ (£,7) is the so-called reduced potential, and

r=r/a, Ures = {E/[ps(1-v%)] )% (14)
Pursuing the solution by standard means, the reduced
potential is eventually determined to be

SEA) = Y, C (M () NGy (8) + ULy (£))

+{n (F) INmr (§) + Udpr (£)1) 15

where
N (F) =T (B /0 / [T, (B /0) = (B /0T 1 (B /)]
g-m (f) =In (Bmf/g)/[nln (6m/f) + (Bm/f)1n+1(ﬁm/g)]

U=U/U,y, t=L/a 16)
where J, and I, are the ordinary and modified Bessel func-
tions of the first kind, respectively, and ¢, and ¢, are
defined by Eq. (5).

Utilizing Eq. (10), the unsteady pressure on the shell is
found to be

PP =—0Ures 3 Cp N [0 By (8) + £ pr (£) ]

+ 20N Mm@ pr (§) + Embmr (£) ]
+ (B /02 U2 [ (§) + EmOpmr (£)]) cOSRO € (17)

where 75, and {,, are the values of 7,,(F) and ¢, (F) at F=1.
The effect of the stationary outer fluid on the dynamics of
the shell will be neglected here, for simplicity.

III. The Unsteady Viscous Flow

The unsteady viscous flow in the oscillating shell is gov-
erned by the Navier-Stokes equations. The problem at hand,
involving a developing boundary layer on the inner surface
of the shell, may be reduced, via Prandtl’s concept of a thin
boundary layer with respect to the shell radius, to the follow-
ing two problems: 1) the steady viscous flow in the bound-
ary layer, and 2) the unsteady flow in the central core.

The central core flow is quasi-inviscid, because of the
relatively small velocity gradients therein; the viscous effects
manifest themselves in the boundary conditions, which are
applied at the edge of the displacement thickness of the
boundary layer, r=a—6*(x), as will be done later in deter-
mining p—p,.

The unsteady viscous flow in the boundary layer, wherein
velocity gradients are large in the vicinity of the wall, are
discussed next. Throughout, in dealing with the unsteady
viscous flow, the assumption of small-amplitude oscillations
of the shell is made; hence, the unsteady perturbation
velocities induced thereby are small, as compared to the un-
disturbed axial flow velocity U.

The Unsteady Viscous Flow in the Boundary Layer

Considering that the radial and tangential components of
the perturbation velocity are small, as compared to the axial
component of the flow velocity, V,, and utilizing the usual
assumptions of the boundary-layer concept, the Navier-
Stokes equations of the unsteady viscous flow in a laminar
boundary layer on the shell wall may be written in the
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linearized form

vV, av, 1 o av,
an+Uan=a X[+U ’d+yfT—<r x)

ot ax at ox ar ar
1 dp
0= ——m—
o or
av, AV, 0V AV 1 a( aV,,)
— —_ +U +y,— —\r— 18
at U ax at ax by r or ¢ or (18

where V,, and Vj, are the values of V, and ¥} at the inter-
face between the boundary layer and the core flow, and will
be varying in time due to shell oscillations; and », is the
kinematic viscosity of the fluid. The radial component of the
flow velocity at the boundary layer limit is sensibly equal to
the radial velocity of the shell; hence, the relative velocity
with respect to the shell wall, which determines the extent of
viscous effects, does not have a radial component.

Assuming that the displacement thickness 8(x) of the
developing boundary layer is small with respect to the shell
radius a, the steady-flow velocity U at the boundary-layer
edge can be derived from the continuity equation:

U,(x) =Ula*/[a—8*(x)]2}=U(1+26*/a) 19

The displacement thickness, 8*(x), may be derived in
various ways.!®!7 Here, because of the complexity of the
overall problem at hand, it is desirable to have a simple
analytical expression for 6*(x); such an expression was
derived in Ref. 15, namely

8*(x)/a="Y2 {1+ [4x/Re,—11/11+(12x/Re,)"*1}  (20)

where Re, denotes the Reynolds number based on the shell
radius, a.

In the assumption of small amplitude oscillations, the
unsteady perturbation velocities V,,— U, and Vy, are negligi-
ble with respect to U, hence the magnitude of the fluid
velocity V, relative to the shell surface, considered at the
edge of the boundary layer, can be assumed to be invariant
in the time since V,=[V2%+ V%1% = U,. However, the direc-
tion of the flow velocity ¥, is varying in time with the angle
8, defined as tanf= Vy/ V.

The circumferential velocity Vy, may be obtained approx-
imately from the value of Vj in the core flow near the wall
(F=1); i.e., from Egs. (13) and (15)

Vﬂiz VO(E,vlyexT) = —Urefnd)(g’l) sinnf e)\T (21)

Actually, the circumferential velocity at the boundary-layer
edge should be calculated accounting also for the displace-
ment thickness of the boundary layer, 6*(x); an iterative
process could be used in this respect. However, the effects of
the second iteration are expected to be small enough in the
framework of the present assumptions, so that this iterative
procedure is considered an unnecessary refinement in the
present analysis.

ré
v ]

- Vy X
V, |
2 - ox
0 V,

Fig. 2 Diagram showing transformation of coordinates.
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At the shell wall, the direction of the flow velocity relative
to the x axis is

tanB="V,(£1,0,7)/U,= — [n¢(£,1)/U] sinnd eM  (22)

as shown in Fig. 2, where V,|,_,_,.=U, U,=U, and Eq.
(16) have been utilized.

Now, introducing the coordinate system (X,Y), as shown
in Fig. 2, Vy=V, cosf+V, sinB, which at r=a—6*(x)
becomes

Vo=V cosB+ Vy, sin8 (23)

hence, Egs. (18) may now be recast in the new coordinate
frame and linearized to give the remarkably simple result

() EAF)] e

Thus, the problem of unsteady flow in the boundary layer
has been reduced to one of quasisteady flow, which may
then be treated by standard methods. This was achieved
through the original assumption that the flow velocity in the
boundary layer is sensibly constant in magnitude, but fluc-
tuating in direction with respect to time, as characterized by
the angle S.

Now, proceeding with the method developed in Ref. 15,
based on Lighthill’s approach to boundary layers on the ex-
terior of bodies of revolution, one obtains

7. = YapURC(1/Re,x) "
7y="Y2pUPCy1/Re,x) " [ —ne (£,1)/ U] sinnd & (25)

with C,=1/V3. It is noted that 7, is associated with the
steady surface traction on the shell; as in this paper the prin-
cipal concern is with unsteady viscous effects (as stated from
the outset), the only quantity of interest is 7,.

Proceeding in a similar manner, the case of high flow
velocities, corresponding to a turbulent boundary layer may
be treated. In this case

79=Y2pU?C,(1/Re,x)'> [ —n¢ (£,1)/0] sinnd e~ (26)

with C,=0.0592, as recommended by Schlichting.!6

The Unsteady Flow in the Central Core

The unsteady flow in the axially nonuniform (because of
boundary-layer growth) central core is governed by the same
set of equations [Eqs. (7-12)] as in the case of inviscid flow,
with the important difference that the boundary condition
associated with Eq. (11) is now applied at r=a—8*(x) in-
stead of at r=a. The displacement thickness 6* (x) is given
by Eq. (20).

Although the manipulations in this case are more complex,
the same procedures are applied in Sec. II; for the sake of
brevity, the final answer for p—p_, will be given without fur-
ther ado, i.e.,

P—Pa=—pUs ; Cr O [0 (E) b () + £ ()b (£))]
+ ONL203, (E) s () + 285 (£) 507 (§) +7,37 (€) By (£)
o ()0 (8] + T2 L (B/D2 (13 () purs ()

— (VD () ) 0 ()it (8) + 7 (E)bpr (8)1)

X cosnf e 27
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where
M (£) =T, ((1=8)B,,/8/ { (B /O, [ (1—86%)8,,/1)
S (E)=1,1(1—-8%)8,,/8/{(B,/OL; [(1-8%)B,/01} (28)

where the prime denotes the derivative with respect to the
argument of the function, {=L/a, and §* =6*/a. The expres-
sion for p—p,, above is more complex than that of Eq. (17),
because the coefficients », and {3 are functions of £ in this
case.

IV. Stability Analysis and Results

The unsteady motion of the cylindrical shell under study is
described by Eq. (3), where the effect of 7, is neglected, and
7 and p—p,, are given by Egs. (25) or (26) and (27). After
application of Galerkin’s method, the solution is reduced to
an eigenvalue problem, yielding the determinantal equation

det[A,,] =0 @9

where the expression for A,,, which is a sixth-order
polynomial in A, is not given here in the interests of brevity;
Eq. (29) yields the eigenvalues of the problem, A.

The matrix in Eq. (29) is nine times smaller than if the set
of three equations of motion of the shell had been uti-
lized—instead of the unique higher-order equation determined
in Sec. II. It was found that this method was more quickly
convergent and accurate than the three-equation method
for the same number of comparison functions; hence, it was
also computationally more efficient and 17 times faster, for
comparable accuracy.!’

Calculations were conducted for both inviscid and viscous
flow, and the results were then compared. In the case of
viscous flow the eigenvalues A, are no longer purely im-
aginary; they are complex, due to the unsteady viscous ef-
fects, although the real component (for flows smaller than
the threshold of buckling) is quite small. Results for the sec-
ond circumferential mode (n=2) for both inviscid and
viscous flow are presented in Figs. 3 and 4, showing the
variation of the dimensionless eigenfrequencies w [w,
=Im(N\;)] vs the dimensionless flow velocity I, of two
typical systems: the so-called air-rubber system and water-
steel system, so named according to the material of the shell
and the fluid being conveyed. The physical characteristics of
the systems are given in Table 1. The calculations were con-
ducted with four terms in the Galerkin expansion; it was
confirmed that with this number of terms the results had
converged with excellent accuracy and computational
efficiency.

As may be seen in Figs. 3 and 4, the eigenfrequencies of
all modes are diminished with the increasing U; eventually,
the first-mode eigenfrequencies vanish, at point B,, in-
dicating the onset of divergence (buckling) of the system. (In
the case of viscous flow, strictly, point B, is slightly lower

Table 1 The physical characteristics
of the systems of Figs. 3 and 4

System p/pg U, m/s v {=L/a h=h/a
Air-rubber 0.00136 36.73 0.5 25.9 0.0227
Water-steel 0.1282 5387 0.3 25.9 0.0227

Table 2 Critical flow velocities Upg,
for inviscid and viscous flow

Analysis Air-rubber Water-steel
Inviscid 0.598 0.064
Viscous 0.612 0.065
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Non - Dimensional Flow Velocity ,U

Fig. 3 The dimensionless eigenfrequencies, w,, of the first four ax-
ial modes of the system (k=1,...,4) and the second circumferential
mode (n=2), as functions of U for the air-rubber system (Table 1).
, theory taking into account unsteady viscous effects; - - -, in-
viscid theory.

than the buckling flow velocity, but the difference is
negligibly small.) At that point, the first-mode eigenvalues
are purely real, and w, =0; beyond B,, however, w; #0 re-
emerges. _

Considering Fig. 3 in more detail, it is seen that for U
slightly above point B,, the first- and second-mode loci
coalesce (at point F) giving rise to coupled-mode flutter. At
higher U, the system also becomes unstable by divergence in
its third and fourth modes, at points B; and B,. Of course,
this post-critical (beyond B,) behavior of the system does not
necessarily materialize in practice, since the analysis is linear
and the deformations associated with divergence are likely
large. Nevertheless, flutter was observed in the experiments
of Ref. 2.

In the case of Fig. 4, the inviscid and viscous results are
very close, and only the latter are shown, for the sake of
clarity. In this case, the post-critical behavior of the system
is much more complex, involving coupling of the first- and
second-mode loci at F),, followed by a dissociation of this
coupling almost immediately; this leads to divergence at
point B,;. Other occurrences of coupled-mode flutter are
associated with points F\;, F,, and Fy;.

Comparing inviscid and viscous results, it is seen that the
eigenfrequencies w, are slightly larger in the viscous case.
More importantly, the critical flow velocities in the viscous
case are slightly higher, indicating that taking into account
the presence of the boundary layer stabilizes the system
(Table 2). This may be explained physically by the observa-
tion that the effective momentum of the flowing fluid is
diminished by the presence of the boundary layer. It is noted
that the differences between inviscid and viscous flow results
are more pronounced for the higher modes, but in all cases
remain small.

Comparing Fig. 3 with Fig. 4, it is seen that the detailed
form of variation of w, with U is different; moreover the
critical flow for divergence in the first mode, Uy, is about
10 times lower for the water-steel system than for the air-
rubber system (Table 2); however, the dimensional flow
velocity in the latter case is actually lower, because of the
ratio of U,; in the two cases (Table 1).
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Fig. 4 The dimensionless eigenfrequencies, w;, for n=2 and
k=1,...,4, as functions of U for the water-steel system (Table 1), ac-
cording to the present theory, taking into account unsteady viscous
effects.

Table 3 The effect of ¢ on stability

¢ 5 10 15 25.9 35
Ugt 1.26 0.791 0.684 0.598 0.582

Table 4 The effect of & on stability

h 0.015 0.0227 0.035
Un 0.415 0.598 0.895

The dynamic behavior and fluidelastic stability of the
system are, of course, influenced by the whole set of
parameters on which it depends. The influence of the nature
of the fluid and the material of the shell has already been
discussed. A further set of calculations has been undertaken
to examine the effect of the geometric parameters f=L/a
and A= h/a on the air-rubber system. The results, insofar as
the critical flow velocity for buckling, Uy, is concerned, are
shown in Tables 3 and 4.

It is noted that if it is fairly small, the effect of increasing
or decreasing f is pronounced; for larger f, however, the ef-
fect is rather weak (e.g., a 2.3-fold increase in ¢, from 15 to
35, results in a reduction in Up,, by only 15%).

The effect of h, examined in Table 4, in more pro-
nounced, as expected.

V. Conclusions

The main objective of this paper was the investigation of
the unsteady viscous effects, coupled with oscillations of the
shell, on the dynamic behavior and stability of the shell—in
the particular case of a developing boundary layer in the
flow ingested by the shell.

Although full solution of the problem of a developing
unsteady boundary layer would have been very difficult, it
was possible to develop a technique, via which the unsteady
problem was reduced to a quasisteady one. This was ac-
complished by making the reasonable assumptions that
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1) shell oscillation amplitudes are small; 2) the mean flow
velocity in the boundary layer remains sensibly constant in
magnitude, but oscillates harmonically through a certain
angle, synchronously with the circumferential movements of
the shell surface. Although the modifications associated with
taking into account the unsteady viscous effects appear to be
simple at first sight, they nevertheless introduce important
computational complications.

It was found that the unsteady viscous terms have a rather
small effect on the dynamics and stability of the shell.
Nevertheless, this is not to be viewed as a negative result, for
it establishes, for the first time, that such effects are stabiliz-
ing and that they may be considered negligible from the
practical viewpoint. (Here, it should be stressed once again
that steady viscous effects, such as stresses associated with
pressurization, to overcome the pressure drop, and surface
traction were neglected in this paper—but have been shown
to be generally important.'3)

An equally important contribution of this work has been
associated with the formulation of the problem—thus
transcending the main objective of this paper. The three
equations of motion of the shell were reduced to a single
equation of higher order, involving only the radial displace-
ment of the shell. This was done without introducing any ad-
ditional approximations to those associated with the original
set of equations;! to the authors’ knowledge, this also has
been done for the first time. The advantage of this single-
equation formulation was shown to be enhanced compu-
tational efficiency and considerable savings in cost. This
formulation can be used in any problem involving circular
cylindrical shells; for instance, it could be used as the basis
of a finite element formulation in which the original three-
dimensional problem is now reduced to a one-dimensional
one.

Finally, the effect of a number of system parameters on
stability has been investigated, in Sec IV. A more complete
account of these calculations and all other aspects of the
work described here may be found in Ref. 15.

Appendix: Final Equation of Motion
Starting with Fliigge’s set of three equations of motion,
and going through a rather complex process of successive
differentiations and eliminations, the following single,
eighth-order equation is obtained,’® involving only the
dimensionless displacement w and the externally imposed
stress resultants:

34 a* 34 a5
V =+ A} 5+ A} —+4) ——
{ e 982007 F TS
5 6 3 6 36 as
+A +A + A} —+ A —
2 984002 7 9E290° 3gs O aEt

+ A2 & + A3 o + A% o +A3 ag}'
3 BE6067 T aghagt | C arzaes 0 pep S

34 a4 34
- {Ai — A o+ A} —} (p—p.)

agt T 32062 ag*
9’ EY a5 EE
At A ——+ A ———A] ———
{ e FIr RN TE FrEra
ER EE PE
— A8 —} — {A9 + A0~
“3ga0 37T U7 ag2a0 T a8

11 as 12 as 1 66 e
— A Gpige A 352303}7” {AS W}W

64 3* 32 _
a - {A‘ —A? — TS —+ A4 — 2 Agv“}w
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The coefficient denoted by 44, i=1,2,..
are given by

+ A5

,9andj=1,2,...,12

Al=(1+3k) (1 +k—~?)
A} =k[2+(1—»)(1+k) (4+3k)/2]
=k(1+k)
AL =2kv(1+3k), A2=3Kk[2+(*—p+2)k]
=k{8—2v+k[2+(1—»)(5+3Kk)]}
A$=2k(1+k)
Al =k(1-k)(1+3k)
= k[4(1 + k) +3k(1=») (1 +3k) /2]
=k[6(1+k) —kv(3+kv)]
AS=k{2+(1+Kk) [2+3k(1=»)/2]}, Aj=k(1+k)
A} =(1—v?)(1+3k)/Eh
=(1—-v)[2+k(1-v)(4+3k)/2] /ER
A} = - +k)/ER
A$=vAl, AS=(1—-w))/Eh, A$=kAl
=(1—)3k2(1—»)/2Eh, AS=kAj
AS=(1-v)Q+v)/ER, AP=A}, A} =2kAS
AR =(1-)k[2+ k(B -v)/2]1/ER
AL=2/(1-)
AL=200+k)/(1—v), A =[3—p+3k(1-»))/(1—»)

=[p(l+k)-3(1-k)1/(A0—»), A}=2k(1-v)

Ab={2 -(A+k)[3—rv+3k(1-»)1}/(1-¥»)
={2-(+k)[3—r+k(1-»)]}/(1-»)
A3=1+3k—4kv/(1-v)
A4=2—k[2(5-v)/(1—»)+3k(3+»)/2]
A3=1-k[2(0+k)+ (3+»)/(1—»)]
=k{@v—-Dk—(3-»)1/(01-»)

=k[k(®+12r-9)/2-33-»)1/(1-»)
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=k[k(»?+8r—9)/2—33-»)1/(1—»)

=k[(B-»)/(1-»)+k]
Ay=(1+v)a/2ER
Ay=(1+»)al3-v+3k(1-»)1/4ER

=(1+»)al3—v+k(1 —»)]1/4Eh, A3=vA§

A =kAS, A3=(1-v)A4/2, A§=(+v)a/2ER
=(3-r)A3/2
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